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Abstract
We prove the mean curvature flow of a spacelike graph in (Σ1×Σ2,g1−g2)
of a map f : Σ1 → Σ2 from a closed Riemannian manifold (Σ1,g1) with
Ricci1 > 0 to a complete Riemannian manifold (Σ2,g2) with bounded curva-
ture tensor and derivatives, and with sectional curvatures satisfying K2 ≤K1,
remains a spacelike graph, exists for all time, and converges to a slice at in-
finity. We also show, with no need of the assumption K2 ≤K1, that if K1 > 0,
or if Ricci1 > 0 and K2 ≤ −c, c > 0 constant, any map f : Σ1 → Σ2 is triv-
ially homotopic provided f ∗g2 < ρg1 where ρ = minΣ1 K1/supΣ2 K+2 ≥ 0, in
case K1 > 0, and ρ =+∞ in case K2 ≤ 0. This largely extends some known
results for Ki constant and Σ2 compact, obtained using the Riemannian struc-
ture of Σ1×Σ2, and also shows how regularity theory on the mean curvature
flow is simpler and more natural in pseudo-Riemannian setting then in the
Riemannian one.
1 Introduction
Let M be a smooth manifold of dimension m ≥ 2, and F0 : M → ¯M a smooth sub-
manifold immersed into a (m+n)-dimensional Riemannian or pseudo-Riemannian
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manifold ( ¯M, g¯). The mean curvature flow is a smooth family of immersions
Ft = F(·, t) : M → ¯M evolving according to{ d
dt F(x, t) = H(x, t), x ∈ M,
F(·,0) = F0,
(1.1)
where H is the mean curvature vector of Mt = (M,gt = F∗t g¯) = Ft(M).
The mean curvature flow of hypersurfaces (i.e. (1.1) with n = 1) in a Rie-
mannian manifold has been extensively studied in the last two decades. Recently,
mean curvature flow of submanifolds with higher co-dimensions has been paid
more attention, see [4, 18, 20, 21, 24] for example. In [21], the graph mean curva-
ture flow is studied in Riemannian product manifolds, and it is proved long-time
existence and convergence of the flow under suitable conditions.
When ¯M is a pseudo-Riemannian manifold, (1.1) is the mean curvature flow
of spacelike submanifolds. This flow for spacelike hypersurfaces has also been
strongly studied, see [1, 5, 6, 8] and references therein. To our knowledge, very
little is known on mean curvature flow in higher codimensions except in a flat
space Rn+mn [24]. In this paper, we partially apply Wang’s approach [21] of using
the mean curvature flow in a Riemannian product space to deform a map between
Riemannian manifolds, but we use the pseudo-Riemannian structure of the prod-
uct. As a result we obtain a reformulated and largely extended version of the the
main results in [21] and most of [19], to non constant sectional curvatures Ki, and
applied to a set of maps satisfying a less restrictive condition, after using a simple
argument of rescaling the metric in the target space Σ2, in a convenient way. The
pseudo-Riemannian structure turns out to give a simpler and more natural tool
to provide an existence result on the deformation of a map to a totally geodesic
one or to a constant one by some curvature flow under quite weak curvature con-
ditions. In [21] it is necessary to use White’s regularity theorem [23], where a
monotonicity formula due to Huisken [12] plays a fundamental role, to detect pos-
sible singularities of the mean curvature flow, while in pseudo-Riemannian case,
because of good signature in the evolution equations, we have better regularity,
and therefore we require fewer restrictions on the curvatures of Σ1 and Σ2 in the
main theorem 1.1 as well on the map f itself in theorem 1.2. We also believe that
this “pseudo-Riemannian” trick may be applied to some other geometric evolution
equations to obtain the convergence of the flow in a more efficient way.
Let ¯M = Σ1×Σ2 be a product manifold of two Riemannian manifolds (Σ1,g1)
of dimension m and (Σ2,g2) of dimension n, with the pseudo-Riemannian metric
g¯ = g1−g2, where Σi, i = 1,2 has sectional curvature Ki and Ricci tensor Riccii.
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Assume M is a spacelike graph
M = Γ f = {(p, f (p)) : p ∈ Σ1}
of a smooth map f : Σ1 →Σ2, with induced metric g. The graph map, Γ f : Σ1 →M,
Γ f (p) = (p, f (p)), identifies isometrically (M,g) with Σ1 with the graph metric
g1 − f ∗g2. M is a slice if f is a constant map. The hyperbolic angle θ can be
defined by (see [2], [15])
coshθ = 1√
det(g1− f ∗g2)
,
where the determinant is defined with respect to the metric g1. The angle θ
measures the deviation from a spacelike submanifold to a slice. If this angle is
bounded the metrics g1 and g = g1 − f ∗g2 of Σ1 are equivalent. In this case,
(Σ1,g1) is compact iff (M,g) is so. The following is the main theorem in this
paper.
Theorem 1.1. Let f be a smooth map from Σ1 to Σ2 such that F0 : M → ¯M is a
compact spacelike graph of f . We assume (Σ1,g1) closed of dimension m ≥ 2,
(Σ2,g2) complete of dimension n ≥ 1, Ricci1(p) ≥ 0 and K1(p) ≥ K2(q) for any
p ∈ Σ1, q ∈ Σ2 and the curvature tensor R2 of Σ2 and all its covariant derivatives
are bounded. Then:
(1) The mean curvature flow (1.1) of the spacelike graph of f remains a spacelike
graph of a map ft : Σ1 → Σ2 and exists for all time.
(2) If Σ2 is also compact there is a sequence tn →+∞ such that the flow converges
at infinity to a spacelike graph of a totally geodesic map, and if Ricci1(p) > 0 at
some point p ∈ Σ1, the sequence converges to a slice.
(3) If Ricci1 > 0 everywhere, all the flow converges to a unique slice.
We observe that in (3) we do not need the compactness assumption of Σ2. We
also note that the condition Ricci1 ≥ 0 and K1 ≥ K2 means that at a point p ∈
Σ1, if K1(P) < 0 at some two-plane P of TpΣ1, then we have to require K2 < 0
everywhere. In case (3) the flow defines a homotopy ft(φt(p)) from the initial map
f0 = f to the final constant map f∞, where φt = pi1 ◦Ft is a smooth diffeomorphic
endomorphism of Σ1, that at t = 0 gives the identity map. We shall prove that the
deformation process is also valid without assuming K1 ≥ K2.
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Theorem 1.2. Suppose (Σ1,g1) and (Σ2,g2) are two complete Riemannian mani-
folds of dimensions m ≥ 2 and n ≥ 1 respectively, Σ1 closed, K1 > 0 everywhere,
or Ricci1 > 0 and K2 ≤ −c with c > 0 constant, and the curvature tensor of Σ2
and all its covariant derivatives are bounded. Then there exists a constant ρ ≥ 0,
depending only on min K1 and on sup K+2 , such that any smooth map f : Σ1 → Σ2
satisfying f ∗g2 < ρg1 can be homotopically deformed into a constant map.
The constant ρ ∈ (0,+∞] can be taken equal to minΣ1 K1/supΣ2 K+2 , where K+2 =
sup{0,K2}, in case K1 > 0, and equal to +∞ in case Ricci1 > 0 and K2 ≤ −c.
Recall that by the Cartan-Hadmard theorem, if K2 ≤ 0, the universal cover of Σ2
is diffeomorphic to a Euclidean space, and in particular pim(Σ2) = 0 for all m > 0.
If Σ1 is the m-sphere, and K2 ≤ 0 then ρ =+∞ and the previous corollary gives a
new proof of this classical result.
Corollary 1.1. If Σ1 is closed with K1 > 0 everywhere, K2 ≤ 0 and for all k ≥ 0,
∇kR2 is bounded, then any map f : Σ1 → Σ2 is homotopically trivial.
We also may apply the previous theorem to obtain a reformulated version of
the main result in [21]:
Corollary 1.2. ([21]) If Σ1 and Σ2 are compact with constant sectional curvatures
τ1 and τ2 satisfying τ1 ≥ |τ2| , τ1+τ2 > 0, and if det(g1+ f ∗g2)< 2, then Γ f can
be deformed by a family of graphs to the one of a constant map.
The condition det(g1 + f ∗g2) < 2 implies Γ f is a spacelike submanifold for the
pseudo-Riemannian structure of Σ1×Σ2. The converse may not hold, so spacelike
graph is a less restrictive condition. In [19], corollary 1.2 is generalized, under the
same constant curvature conditions, to the case of area decreasing maps that is a
slightly less restrictive condition than of a spacelike graph f ∗g2 < g1. For such
maps the eigenvalues λ 2i of f ∗g2 satisfy λiλ j < 1 for i 6= j. Thus, f ∗g2 may have
one and only one eigenvalue (counting with multiplicity) greater than or equal to
one. If n ≥ 2 area decreasing maps are spacelike iff the largest eigenvalue λ1 is
also smaller than one. In this case we also recover the main theorem of [19]. If
Σ2 is one-dimensional, any map f satisfies such condition, and the result can be
obtained from theorem 1.2, since K2 = 0 holds in this case. This is a particular
case of K2 ≤ 0 stated above.
We consider the φ -energy functional acting on smooth maps f : (Σ1,g1)→ (Σ2,g2),
Eφ ( f ) =
∫
Σ1
φ(λ 21 , . . . ,λ 2m)dµ1,
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where dµ1 means here the volume element of (Σ1,g1), φ is a symmetric nonneg-
ative continuous function on the eigenvalues λ = λ 2i of f ∗g2 satisfying φ(λ ) = 0
if and only if λ = 0 and φ(λ ) ≤ C‖λ‖τ , for some constants C,τ > 0. When
φ(λ ) = λ 21 + . . .+λ 2m, we have the usual energy functional whose critical points
are the harmonic maps. As a corollary of theorem 1.2 we obtain:
Corollary 1.3. Under the same curvature conditions of (Σi,gi) given in theorem
1.2, if f : (Σ1,g1)→ (Σ2,g2) minimizes the φ -energy functional in its homotopy
class, and if f ∗g2 ≤ ρg1, then f is constant.
The rest of this paper is organized as follows. In section 2, we derive the
elementary formulae for the geometry of spacelike submanifolds in a pseudo-
Riemannian manifold. Section 3 is devoted to spacelike submanifolds in pseudo-
Riemannian product manifolds in our setting. Evolution equations of different
geometric quantities are given in section 4. In section 5 we prove part of theorem
1.1(1), and in section 6 we obtain long-time existence using elliptic Schauder
theory and prove the existence of a convergent sequence of the flow. The use of
the Bernstein-type results obtained in [2, 15] leads to theorem 1.1(2). In section
7 we consider the particular case Ricci1 > 0 everywhere, and Σ2 not necessarily
compact, and prove the convergence of all the flow. In this section we also prove
theorem 1.2 and corollaries 1.2 and 1.3.
2 Geometry of spacelike submanifolds
Let ¯M be an (m+ n)-dimensional pseudo-Riemannian manifold, and g¯ the non-
degenerate metric on ¯M, which is of index n. Denote by ¯∇ the connection on ¯M,
and we convention that the curvature tensor ¯R is defined by ¯R(X ,Y)Z = ¯∇X ¯∇Y Z−
¯∇Y ¯∇X Z − ¯∇[X ,Y ]Z, and ¯R(X ,Y,Z,W ) = g¯( ¯R(Z,W )Y,X), for any tangent vector
fields X ,Y,Z and W of ¯M. Suppose F : M → ¯M is a m-dimensional spacelike
submanifold immersed into ¯M, i.e. the induced metric of M is positive definite.
For any tangent vector fields X ,Y of M and V a time-like normal vector,
¯∇XY = ∇XY +B(X ,Y ), ¯∇XV = ∇⊥X V −AV X ,
where ∇ is the induced connection on M, and ∇⊥X V = ( ¯∇XV )⊥ the normal con-
nection in the normal bundle NM, and B and A are the second fundamental form
and the Weingarten transformation, respectively, g(AV (X),Y ) = g¯(V,B(X ,Y)).
We choose orthonormal frame fields {e1, · · · ,em+n} of ¯M, such that when
restricting to M, {e1, · · · ,em} is a tangent frame field, and {em+1, · · · ,em+n} is
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a normal frame field. We make use of the indices range, 1 ≤ i, j,k, · · · ,≤ m,
m+1 ≤ α,β , · · · ,≤ m+n, and 1 ≤ a,b,c, · · · ,≤ m+n. Let θ 1, · · · ,θ m+n be the
dual frame fields of {ea}. Then the structure equations of ¯M are given by
dθ a =−∑
b
θ ab ∧θ b, dθ ab =−∑
c
θ ac ∧θ cb +Φab,
where Φab =
1
2 ∑c,d ¯Rabcdθ c ∧ θ d are the curvature forms, and θ ba the connection
forms satisfying ∑c g¯acθ cb + g¯cbθ ca = dg¯ab = 0. Let ωa = F∗θ a, ωba = F∗θ ba . Then
restricting to M, we have ωα = 0, and ∑i ωαi ∧ω i = 0. By Cartan lemma,
ωαi = ∑
j
hαi jω j, hαi j = hαji, (2.1)
where hαi j are the components of the second fundamental form, that is B(ei,e j) =
∑α hαi jeα . Since the normal vectors are time-like, the following relations hold
g¯(B(ei,e j),eα) = g¯(Aαei,e j) =−hαi j.
The structure equations of M are then given by
dω i = −∑ j ω ij ∧ω j,
dω ij = −∑k ω ik∧ωkj +Ωij,
dωαβ = −∑γ ωαγ ∧ω
γ
β +Ωαβ ,
where ∇e jei = ∑k ωki (e j)ek, ∇⊥e jeα = ∑α ω
β
α (e j)eβ , with ωβα +ωαβ = ωki +ω ik = 0,
and Ωij = 12 ∑k,l Rijklωk∧ω l , ∑i Rijklei =R(ek,el)e j is the curvature form of M, and
Ωαβ =
1
2 ∑k,l Rαβklωk∧ω l , R⊥(e j,ek)eβ = ∑α Rαβ jkeα is the normal curvature form.
Setting ¯R(ec,ed)eb = ∑a ¯Rabcdea we have the Gauss equation
Rijkl = ¯R
i
jkl −∑
α
(hαikh
α
jl −hαil hαjk),
and the normal curvature of M is given by the Ricci equation
Rαβkl = ¯Rαβkl −∑
i
(hαkih
β
li −hαli hβki).
The tensor given by ∇ZB(X ,Y ) = ∇⊥Z (B(X ,Y))−B(∇ZX ,Y )−B(X ,∇ZY ) is the
covariant derivative of B. The components of ∇ek B(ei,e j) = ∑α hαi j,keα satisfy
∑
k
hαi j,kω
k = dhαi j−∑
k
hαk jω
k
i −∑
k
hαikω
k
j +∑
β
hβi jωαβ . (2.2)
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Consider ˜R : ∧2T M → L(T M;NM) the restriction of ¯R, defined for X ,Y,Z ∈ TpM
and U ∈ NMp, g¯( ˜R(X ,Y)Z,U) = g¯( ¯R(X ,Y)Z,U). Then the components of ˜R are
just ¯Rαi jk = ¯Rai jkg¯aα =− ¯Rαi jk. Differentiating both sides of (2.1) and applying the
structure equations we have the Codazzi equation
hαi j,k−hαik, j =−
(
( ¯R(e j,ek)ei)⊥
)α
=− ¯Rαi jk.
The mean curvature of F is denoted by H = traceB = ∑α Hαeα , Hα = ∑i hαii .
The tensor defined by ∇2X ,Y B(Z,W) = (∇Y (∇XB)−∇∇Y X B)(Z,W) is the second
covariant derivative of B. The components of ∇2ek,el B(ei,e j) = ∑α hαi j,kleα , satisfy
∑
l
hαi j,klω
l = dhαi j,k−∑
l
hαl j,kω
l
i −∑
l
hαil,kω
l
j −∑
l
hαi j,lω
l
k +∑
β
hβi j,kω
αβ .
Differentiation of (2.2) and use of the structure equations we have
hαi j,kl −hαi j,lk = ∑
r
hαirRrjkl +∑
r
hαr jRrikl −∑
β
hβi jRαβkl. (2.3)
In order to compute the Laplacian of the second fundamental form, we have to re-
late the covariant derivatives ( ¯∇es ¯R(e j,ek)ei)α , with ∇es ˜R(e j,ek)ei = ∑α ˜Rαi jk,seα ,
where ∇ ˜R is the covariant derivative considering the connection of the normal
bundle. We have
( ¯∇l ¯R)αi jk = ˜Rαi jk,l −∑
β
¯Rαβ jkh
β
il −∑
β
¯Rαiβkh
β
jl −∑
β
¯Rαi jβ h
β
kl +∑
r
¯Rri jkhαrl.
Using Codazzi’s equation (4 times), we obtain
hαi j,ks = h
α
ik, js− ˜Rαi jk,s
and so, using this equation again and the commutation formula (2.3), we get
hαi j,kk = h
α
ki, jk− ˜Rαi jk,k
= hαki,k j +∑
r
hαkrR
r
ik j +∑
r
hαriRrkk j −∑
β
hβkiR
αβ jk− ˜Rαi jk,k
= hαkk,i j − ˜Rαkik, j +∑
r
hαkrR
r
ik j +∑
r
hαriRrkk j −∑
β
hβkiR
αβ jk − ˜Rαi jk,k.
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Thus,
∑khαi j,kk = ∑k(hαik, j− ˜Rαi jk),k
= ∑k(hαki, jk− ˜Rαi jk,k)
= ∑k( hαki,k j +∑rhαkrRri jk +∑rhαriRrk jk −∑β hβkiRαβ jk − ˜Rαi jk,k)
= ∑k(hαkk,i j − ˜Rαkik, j +∑rhαkrRri jk +∑rhαriRrk jk −∑β hβkiRαβ jk− ˜Rαi jk,k).
The Laplacian of B is the symmetric NM-valued 2-tensor of M, ∆B = trace∇2·,·B,
that is (∆B(ei,e j))α = ∑khαi j,kk = ”∆hαi j”. Then we have
(∆B(ei,e j))α = ∆hαi j =
= Hα,i j +∑k(− ˜Rαkik, j − ˜Rαi jk,k +∑rhαkrRri jk +∑rhαriRrk jk −∑β hβkiRαβ jk)
= Hα,i j +∑k
(
−( ¯∇ j ¯R)αkik−∑β ¯Rαβ ikhβk j −∑β ¯Rαkβkhβi j−∑β ¯Rαkiβ hβk j +∑l ¯Rlkikhαl j
− ( ¯∇k ¯R)αi jk−∑β ¯Rαβ jkhβik−∑β ¯Rαiβkhβjk−∑β ¯Rαi jβ hβkk +∑l ¯Rli jkhαlk
+∑rhαkr[ ¯Rri jk−∑β (hβr jhβik−hβrkhβi j)]+∑rhαri[ ¯Rrk jk −∑β (hβr jhβkk −hβrkhβk j)]
−∑β hβki[ ¯Rαβ jk−∑l(hαjlhβkl −hαklhβjl)]
)
.
Using the first Jacobi identity ¯Rαi jβ = − ¯Rαβ i j − ¯Rαjβ i, and that ∑i j hαi j ¯Rαβ i j = 0, we
have
−〈B,∆B〉= ∑i jαhαi j∆hαi j = ∑i jα( hαi jHα,i j−hαi j[∑k( ¯∇ j ¯R)αkik +∑k( ¯∇k ¯R)αi jk]
+∑kβ (4 ¯Rαβkih
β
k jh
α
i j− ¯Rαkβkhαi jhβi j)+∑β ¯Rαiβ jHβ hαi j
+2∑kl( ¯Rli jkhαi jhαkl + ¯Rlkikhαl jhαi j)−∑kβ hαi jhαjkhβkiHβ )
+∑i jαβ [∑k(hαikh
β
jk−hβikhαjk)]
2
+∑αβ (∑i jhαi jhβi j)2.
We obtain a Simons’ type identity
∆||B||2 = 2||∇B||2+∑i jα2hαi jHα,i j−∑i jα2hαi j[∑k( ¯∇ j ¯R)αkik +∑k( ¯∇k ¯R)αi jk]
+∑i jαβ 2{∑k(4 ¯Rαβkihβk jhαi j− ¯Rαkβkhαi jhβi j)+ ¯Rαiβ jHβ hαi j}
+∑i jklα4( ¯Rli jkhαi jhαkl + ¯Rlkikhαl jhαi j)−∑i jkαβ 2hαi jhαjkhβkiHβ
+2∑i jαβ(∑k(hαikh
β
jk−hβikhαjk))
2
+2∑αβ (∑i jhαi jhβi j)2. (2.4)
Notice that we use || · || to denote the absolute of the norm of a time-like vector in
¯M.
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3 ∆coshθ
In this section we shall compute the covariant derivative of a pull-back of a parallel
form in the ambient space by a spacelike immersion F : Mm → ¯M. Let Ω be a
parallel m-form on ¯M. For the orthonormal frame fields {ei,eα} in section 2,
Ω(e1, · · · ,em) is a function on M. As in [21, 15], we shall compute the Laplacian
of Ω(e1, · · · ,em) = Ω1···m in locally frame fields. First we have
(∇kF∗Ω)(e1, · · · ,em) = ∑
i
Ω(e1, . . . ,( ¯∇kei−∇kei), . . . ,em)
= ∑
i
Ω(e1, . . . ,B(ek,ei), . . . ,em). (3.1)
Differentiating (3.1) again gives
(∆F∗Ω)(e1, · · · ,em) = ∑
i
Ω(e1, . . . ,∑
k
(∇ekB)(ek,ei)+( ¯∇ekB(ek,ei))⊤, . . . ,em)
+∑
k
∑
j<i
Ω(e1, . . . ,B(ek,e j), . . . ,B(ek,ei), . . . ,em)
+∑
k
∑
j>i
Ω(e1, . . . ,B(ek,ei), . . . ,B(ek,e j), . . . ,em),
where ∆F∗Ω = ∑k ∇k∇kF∗Ω−∇∇ek ekF
∗Ω is the rough Laplacian. Using the Co-
dazzi’s equation ∑k ∇⊥ekB(ek,ei) = ∇⊥ei H +( ¯R(ek,ei)ek)⊥ and that
∑
ik
g(( ¯∇ekB(ek,ei))⊤,ei) = ∑
ik
−g¯(B(ek,ei),B(ek,ei)) = ‖B‖2,
we get in components
(∆F∗Ω)1···m = Ω1···m||B||2+2 ∑
α<β ,i< j
Ωαβ i j ˆRαβ i j +∑
α,i
ΩαiHα,i − ∑
α,i,k
Ωαi ¯Rαkik,
(3.2)
where Hα,i = (∇⊥ei H)α , and
ˆRαβ i j = hαikh
β
jk−hβikhαjk, Ωαβ i j = Ω(e1, · · · ,eα , · · · ,eβ , · · · ,em)
with eα , eβ occupying the i-th and the j-th positions. The same meaning is for
Ωαi.
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In the following we assume ¯M = Σ1 × Σ2 is a product of two Riemannian
manifolds (Σi,gi) of dimension m and n, with pseudo-Riemannian metric g¯= g1−
g2. If we denote by pii the projection from T ¯M onto T Σi, then for any X ,Y ∈ T ¯M,
g¯(X ,Y ) = g1(pi1(X),pi1(Y ))−g2(pi2(X),pi2(Y )). (3.3)
Suppose M is a spacelike graph of a smooth map f : Σ1 → Σ2. For each p ∈ Σ1
let λ 21 ≥ λ 22 ≥ . . . ≥ λ 2m ≥ 0 be the eigenvalues of f ∗g2. The spacelike condition
on M means λ 2i < 1. By the classic Weyl’s perturbation theorem [22], ordering
the eigenvalues in this way, each λ 2i : Σ1 → [0,1) is a continuous locally Lipschitz
function. For each p let s = s(p) ∈ {1 . . . ,m} be the rank of f at p, that is, λ 2s > 0
and λs+1 = . . .= λm = 0. Then s ≤ min{m,n}.
We take a g1-orthonormal basis {ai}i=1,··· ,m of TpΣ1 of eigenvectors of f ∗g2
with corresponding eigenvalues λ 2i . Set ai+m = d f (ai)/‖d f (ai)‖ for i ≤ s. This
constitutes an orthonormal system in Tf (p)Σ2, that we complete to give an or-
thonormal basis {aα}α=m+1,··· ,m+n for Tf (p)Σ2. Moreover, changing signs if nec-
essary, we can write d f (ai) =−λiαaα , where λiα = δα,m+iλi meaning = 0 if i> s,
or α > m+ s. Therefore
ei =
1√
1−∑β λ 2iβ
(ai +∑
β
λiβ aβ ) i = 1, · · · ,m (3.4)
eα =
1√
1−∑ j λ 2jα
(aα +∑
j
λ jαa j) α = m+1, · · · ,m+n (3.5)
form an orthonormal basis for TpM and for NpM respectively, with ei a direct one.
From now on we take Ω to be the volume form of Σ1, which is a parallel m-
form on ¯M. If M is a embedded m-submanifold such that for any p ∈ M, and a
basis Ei of TpM, the quantity Ω(pi1(E1), · · · ,pi1(Em)) is non-null then M is locally
a graph, for the later implies pi1 ◦F : M → Σ1 is a local diffeomorphism. This
means F(p) = (φ(p), f (φ(p))) where φ : M → Σ1 is a local diffeomorphism, and
F can be locally identified with the graph ˜F(p)= (p, f (p)) up to parameterization.
The mean curvature of F does not depend on the parameterization, only on its
image. We shall call graphs to all such parameterizations. Note that by Lemma
3.1 of [2], if F is a spacelike submanifold with M compact, φ : M → Σ1 is a
covering map, and so it is surjective. Hence, this map f : Σ1 → Σ2, when locally
defined and Σ1 compact, it is unique and globally defined.
Assume M = Γ f . If M is a spacelike graph, then taking the orthonormal frame
ei as in (3.4)
Ω1···m = Ω(pi1(e1), · · · ,pi1(em)) = ∗F∗Ω = 1√
∏mi=1(1−λ 2i )
=
1√
det(g1− f ∗g2)
,
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where ∗ is the star operator in M. In this case this quantity is ≥ 1 (assuming the
correct orientation) and is coshθ . We can also describe coshθ as the ratio between
the volume elements of (Σ1,g1) and of (Σ1,g = g1− f ∗g2). If M is compact, any
other submanifold in a sufficiently small neighbourhood of M is also a spacelike
graph. Now we compute
2 ∑
α<β ,i< j
Ωαβ i j ˆRαβ i j = 2 ∑
α,β ,k,i< j
λiαλ jβ (hαikh
β
jk−hβikhαjk)coshθ . (3.6)
As for the terms containing the curvatures of the ambient space, we denote by
R1 and R2 the curvature tensor of Σ1 and Σ2, respectively. We shall compute the
curvatures ¯R of ¯M in terms of R1 and R2. Now for the tangent frame field {ei} (3.4)
and normal frame field {eα} (3.5), since ¯Rαkik = ¯Rβkikg¯αβ =− ¯Rαkik, we obtain
− ¯Rαkik = ¯R(eα ,ek,ei,ek)
= R1(pi1(eα),pi1(ek),pi1(ei),pi1(ek))−R2(pi2(eα),pi2(ek),pi2(ei),pi2(ek))
=
∑lλlαR1(al,ak,ai,ak)−∑β ,γ ,δλkβ λiγλkδ R2(aα ,aβ ,aγ ,aδ )√
(1−∑ j λ 2jα)(1−λ 2i )(1−λ 2k )
.
Consider for i 6= j the two-planes Pi j = span{ai,a j}, P′i j = span{am+i,am+ j}.
Since λiα is diagonal, we have
− ∑
α,i,k
Ωαi ¯Rαkik
= ∑
i, j
coshθλ 2i
(1−λ 2i )(1−λ 2j )
(
R1(ai,a j,ai,a j)−λ 2j R2(am+i,am+ j,am+i,am+ j)
)
= coshθ ∑
i, j 6=i
(
λ 2i
(1−λ 2i )
K1(Pi j)+
λ 2i λ 2j
(1−λ 2i )(1−λ 2j )
[K1(Pi j)−K2(P′i j)]
)
.(3.7)
Inserting (3.6) and (3.7) into (3.2) we at last arrive at
∆coshθ = coshθ{||B||2+2 ∑
k,i< j
λiλ jhm+iik h
m+ j
jk −2 ∑
k,i< j
λiλ jhm+ jik hm+ijk
+∑
i
( λ
2
i
(1−λ 2i )
Ricci1(ai,ai)+∑
j 6=i
λ 2i λ 2j
(1−λ 2i )(1−λ 2j )
[
K1(Pi j)−K2(P′i j)
]
)}
+∑
α,i
ΩαiHα,i , (3.8)
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where we have used the fact that the Hodge star operator is parallel. Now by (3.1)
we have d coshθ(ek) = coshθ ∑i λihm+iik , which implies
|∇coshθ |2
cosh2 θ
= ∑
k
(∑
i
λihm+iik )2 = ∑
i,k
(λihm+iik )2 +2 ∑
i< j,k
λiλ jhm+iik h
m+ j
jk . (3.9)
We shall calculate
∆ ln(coshθ) = coshθ∆(coshθ)−|∇coshθ |
2
cosh2 θ
. (3.10)
Plugging (3.8) and (3.9) into (3.10) we have
∆ ln(coshθ) = ||B||2−∑
i,k
λ 2i (hm+iik )2−2 ∑
k,i< j
λiλ jhm+ jik hm+ijk
+∑
i
( λ
2
i
(1−λ 2i )
Ricci1(ai,ai)+∑
j 6=i
λ 2i λ 2j
(1−λ 2i )(1−λ 2j )
[
K1(Pi j)−K2(P′i j)
]
)
+(coshθ)−1 ∑
α,i
ΩαiHα,i . (3.11)
4 Evolution equations
In this section, we shall compute the evolution equations of several geometric
quantities along the mean curvature flow (1.1). We fix a point (x0, t0) ∈ M ×
[0,T ) and consider (x, t) in a neighbourhood of (x0, t0). We locally identify Mt =
(M,gt = F∗t g¯)) with (Ft(M), g¯Ft(M)). We take eα(x, t) a local o.n. frame of NMt
defined for (x, t) near (x0, t0). Computations are easier considering a fixed local
coordinate chart on M. For any local coordinate {xi} on M, we use the same
notation as in section 3, but gi j(x, t) = gt(∂i,∂ j) = δi j may not hold everywhere,
and hαi j the components of the second fundamental form B(x, t) are with respect to
∂i and some orthonormal frame eα(x, t). That is
gi j(x, t) = g¯(
∂F
∂xi ,
∂F
∂x j ), h
α
i j(x, t) =−g¯(B(∂i,∂ j),eα).
Most of the following computations are quite well known in the literature ( see for
instance [4, 11, 24]), but for the sake of simplicity, and since we are in the non-flat
pseudo-Riemannian setting and in higher codimension, we reproduce them here
adapted to our case. We define the tensor on M (depending on t)
H (X ,Y ) =−g¯(B(X ,Y),H)
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and Hi j = H (∂i,∂ j). Using the symmetry of the Hessian of F : M× [0,T )→ ¯M
( M with the initial metric g0), and that ∇ d
dt
∂i = ∇∂i ddt = 0, we have
¯∇H
∂F
∂xi = ∇ ddt dF(∂i) =
¯∇∂i
d
dt F =
¯∇∂iH.
Then, ddt gi j = g¯( ¯∇∂iH,dF(∂ j))+ g¯(dF(∂i), ¯∇∂ jH). It follows the induced metric
evolves according to
d
dt gi j = ∑α2Hαhαi j = 2Hi j
d
dt g
i j =−∑krα 2gikgr jHαhαkr =−∑kr 2gikgr jHkr
(4.1)
for (x, t) near (x0, t0). The volume element of Mt is given by dµt = VolMt =√
det[gi j]dx1...m. To compute the evolution equation for dµt and for the second
fundamental form we will assume the coordinate chart xi is normal at x0 for the
metric gt0 with ∂i(x0) = ei(x0) orthonormal frame. Then at (x0, t0), gi j = δi j. The
next computations are at the point (x0, t0). Using (4.1)
d
dt |t=t0
dµt =
1
2∑k
dgkk
dt dµt0 = ‖H‖
2dµt0 .
We also have
d
dt h
α
i j = −
d
dt g¯(
¯∇∂ j∂i,eα)
= −g¯( ¯∇H ¯∇∂ j∂i,eα)− g¯( ¯∇∂ j∂i, ¯∇Heα)
= −g¯( ¯∇∂ j ¯∇H∂i + ¯R(H,∂ j)∂i,eα)− g¯( ¯∇∂ j∂i, ¯∇Heα)
= −g¯( ¯∇∂ j ¯∇∂iH,eα)− g¯( ¯R(H,∂ j)∂i,eα)− g¯( ¯∇∂ j∂i, ¯∇Heα).
Set Hα,i j = (∇2ei,e jH)α . Since at (x0, t0), ∇∂i∂ j = 0 then
g¯( ¯∇∂ j ¯∇∂iH,eα) =−Hα,i j −∑kβ Hβ hβikhαjk
g¯( ¯∇∂ j∂i, ¯∇Heα) = ∑β h
β
i jg¯(eβ , ¯∇Heα).
Thus,
d
dt h
α
i j = H
α
,i j +∑kβ Hβ hβikhαjk−∑β Hβ ¯Riα jβ −hβi jg¯(eβ , ¯∇Heα)
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and using ∑αβ hαi jhβi jg¯(eβ , ¯∇Heα) = 0, we have at (x0, t0)
d
dt ||B||
2 = ∑i jls
d
dt (g
ilg jshi jhls)
= ∑i jkαβ −4Hβ hβi jhαk jhαki +∑i jα2hαi j
d
dt h
α
i j
= ∑i jα2hαi jHα,i j−∑i jαβ (2Hβ hβi jhαk jhαki +2Hβ ¯Riα jβ hαi j).
Combining the above equation with the Simon’s type identity (2.4) we arrive last
to the evolution equation of the squared norm of the second fundamental form as
stated in next proposition. A similar computation can be done to ‖H‖2. Therefore
Proposition 4.1. Let F : M× [0,T )→ ¯M be an m-dimensional mean curvature
flow of a spacelike submanifold in a pseudo-Riemannian manifold ¯M. Then the
following evolution equations hold at (x0, t0)
d
dt dµt = ‖H‖
2dµt
d
dt ‖H‖
2 = ∆‖H‖2−2‖∇⊥H‖2−4‖H ‖2−2traceg ¯R(dF(·),H,dF(·),H)
d
dt ||B||
2 = ∆||B||2−2||∇B||2+∑i jα2hαi j(∑k( ¯∇ j ¯R)αkik +( ¯∇k ¯R)αi jk)
− 2
(
∑i jkαβ (4 ¯Rαβkih
β
k jh
α
i j − ¯Rαkβkhαi jhβi j)+∑i jklα2( ¯Rli jkhαi jhαkl + ¯Rlkikhαl jhαi j)
)
−2∑i jαβ(∑k(hαikhβjk −hβikhαjk))
2−2∑α,β (∑i jhαi jhβi j)2.
Next we compute the evolution of the pull-back of a parallel m-form on ¯M. Let
Ω be a parallel m-form on ¯M. Then the restriction of F∗Ω satisfies the following
evolution equation at (x0, t0)
d
dt (F
∗Ω(∂1, · · · ,∂m)) = ddt (Ω(F∗∂1, · · · ,F∗∂m))
= ∑
i
Ω(∂1, · · · ,∇⊥∂iH, · · · ,∂m)+Ω(∂1, · · · ,−AH∂i, · · · ,∂m)
= ∑
α,i
Ω(∂1, · · · ,eα , · · · ,∂m)Hα,i +Ω(∂1, · · · ,∂m)∑
α
(Hα)2
= ∑
α,i
ΩαiHα,i + coshθ ||H||2,
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On the other hand we have
d
dt Ω1···m =
d
dt (Ω(∂1, · · · ,∂m)
1√g)
=
1√g
d
dt Ω(∂1, · · · ,∂m)−
1√g ||H||
2Ω(∂1, · · · ,∂m)
= ∑
α,i
ΩαiHα,i . (4.2)
Combining with equation (3.2) we get the parabolic equation satisfied by Ω1···m:
Proposition 4.2. Let Mt be an m-dimensional spacelike mean curvature flow in
a pseudo-Riemannian manifold ¯M and Ω a parallel m-form on ¯M. Then we have
the following evolution equation at (x0, t0)
d
dt Ω1···m = ∆Ω1···m−Ω1···m||B||
2
−2 ∑
α<β ,i< j
Ωαβ i j ˆRαβ i j + ∑
α,i,k
Ωαi ¯Rαkik.
If M is a graph of f : Σ1 → Σ2, and Ω is the volume form of Σ1, then, since Σ1
is compact, for sufficiently small t, Mt is a spacelike graph, and so cosθt is defined
and we have the evolution equation for coshθ by inserting (3.11) into (4.2)
Proposition 4.3. Let F0 : M → ¯M be an immersion such that M0 is a spacelike
graph over Σ1. If each Mt is a graph Γ ft of a map ft : Σ1 → Σ2 along the mean
curvature flow of F0 for t ∈ [0,T ′), T ′ ≤ T , then coshθ satisfies the following
equation, using the frames (3.4) and (3.5)
d
dt ln(coshθ) = ∆ ln(coshθ) +
−{||B||2−∑
k,i
λ 2i (hm+iik )2−2 ∑
k,i< j
λiλ jhm+ jik hm+ijk } (4.3)
−∑
i
( λ
2
i
(1−λ 2i )
Ricci1(ai,ai)+∑
j 6=i
λ 2i λ 2j
(1−λ 2i )(1−λ 2j )
[
K1(Pi j)−K2(P′i j)
]
)(4.4)
5 Short-time existence
In this section we give the proof of the first part of Theorem 1.1(1).
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Let xi be a coordinate chart of Σ1 on a neighbourhood of p0 ∈ Σ1 and yα a
coordinate chart of Σ2 on a neighbourhood of q0 = f0(p0). Note that xi is identified
with a coordinate chart in M0 as in section 4. In coordinates (1.1) means
∑
i j
gi j
(
∂Fat
∂xi∂x j
−∑
k
Γki j
∂Fat
∂xk
)
=− ¯G(x, t)a+ ddt F
a
t , a = 1, . . . ,m+n (5.1)
where ¯G(x, t)a = ∑i jbc gi j( ¯Γabc◦Ft) ∂F
b
t
∂xi
∂Fct
∂x j , and Γ
k
i j are the Christoffel symbols for
the induced Riemannian metric gt of M (that depends on the second derivatives of
Ft , what makes the system to be not strictly parabolic) and ¯Γabc the ones of ¯M, in
the coordinates charts xi and wa = (xi,yα) respectively.
Since F = F0 is a spacelike graph of f = f0 : Σ1 → Σ2 we recall that in [17],
following [16], we have proved that for X ,Y ∈ TpΣ1,
B(X ,Y ) = (∇1XY −∇XY,d f (∇1XY −∇XY ))+(0,Hess f (X ,Y))
= (0,Hess f (X ,Y))⊥, (5.2)
H = (Z,d f (Z))+(0,W) = (0,W)⊥
where Hess f is the Hessian of f with respect to the Levi-Civita connections ∇i
of (Σi,gi), W = tracegHess f , and Z is the vector field on Σ1 defined by g(Z,X) =
g2(W,d f (X)). From the above expression of B we have observed in [15] that
Γ f is a totally geodesic submanifold of ¯M iff f : (Σ1,g1)→ (Σ2,g2) is a totally
geodesic map. To see this, we have from (5.2) and using the frames (3.4) and
(3.5), for u ∈ Tq(Σ2), u = ∑α uαaα ,
(0,u)⊥ = (∑
i
λi
1−λ 2i
ui+mai,∑
i
1
1−λ 2i
ui+mai+m + ∑
α>2m
uαaα).
Using these frames we also see that pi1 : T Mp → TpΣ1 and pi2 : NMp → Tf (p)Σ2
define isomorphisms. From (5.2),
∑i 1(1−λ 2i )‖Hess f (∂k,∂ j)
i+m‖22 +∑α>m ‖Hess f (∂k,∂ j)α‖22 = ‖B(∂k,∂ j)‖2
∑k((Γ1)ki j −Γki j)∂k = pi1(B(∂i,∂ j)) = ∑k λk(1−λ 2k )Hess f (∂i,∂ j)
k+mak.
(5.3)
We also note that if λ 2i < 1− δ for all i, the Riemannian metric gˆ on T(p, f (p)) ¯M
defined by declaring an orthonormal basis ei,eα given by (3.4) (3.5), that is, gˆ =
g¯|TΓ f − g¯|TΓ f ⊥ , is equivalent to the Riemannian metric g¯+ = g1 + g2 of ¯M with
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c(δ )g¯+ ≤ gˆ ≤ c′(δ )g¯+ along Γ f , where c(δ ),c′(δ ) are positive constants that
only depend on δ .
If Ft : M0 = Σ1 → ¯M is a graph, Ft(p) = (φt(p), ft(φt(p))), where φt : Σ1 → Σ1
is given by φt(p) = pi1(Ft(p)) and satisfies φ0 = Id, then (1.1) means dφtdt = Zt ,
d ft
dt =Wt , φ0 = Id, and ft=0 = f0. In particular, ft satisfies the evolution equation{
d f
dt =Wt = tracegt Hess ft ,
ft=0 = f0,
where the Hessian is w.r.t the initial metric g1 of Σ1 and the trace with respect to
the graph metric gt = g1− f ∗t g2 of Σ1. This system is strictly parabolic.
Now we assume Ft satisfies (1.1). We identify M0 = F0(M) with the graph
Γ f0 : Σ1 → ¯M. We also remark that using the trick of DeTurck (see page 17 of
[25]), as in the case of hypersurfaces in a Euclidean space, by reparameterizing
F as ˆF(p, t) = F(ρt(p), t) where ρt : Σ1 → Σ1 is a convenient (local) diffeomor-
phism, (1.1) is equivalent to a system of strictly parabolic equations. For existence
of short time solutions one can follow the approach in [7, 14] of isometrically em-
bedding Σi into Euclidean spaces RNi , but considering the Riemannian structures
on ¯M and RN1+N2 , and linearizing the above parabolic system to prove existence of
a local solution. As we will see in next section, the tensor fields involved, namely
¯∇kB are bounded both for the pseudo-Riemannian and the Riemannian structure
of ¯M. Since Σ1 is compact one has:
Proposition 5.1. A unique smooth solution of (1.1) with initial condition F0 a
spacelike graphic submanifold exists in a maximal time interval [0,T ) for some
T > 0.
Let T ′ ≤ T such that for all t < T ′, Mt is an entire spacelike graph Γ ft , and coshθ
is bounded from above, that is coshθ = 1/
√
∏mi=1(1−λ 2i ) < Λ for a constant
Λ > 1. This is equivalent to λ 2i ≤ 1−δ for some δ > 0 and any 1≤ i≤m. We set
ηt := max
Mt
coshθ . (5.4)
Now we prove part (1) of theorem 1.1
Proposition 5.2. T ′ = T , that is coshθ has a finite upper bound, the evolving
submanifold Mt remains a spacelike graph of a map ft : Σ1 → Σ2 whenever the
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flow (1.1) exists. In particular f ∗t g2 and ‖d ft‖2 (norm with respect to the initial
metric g1 of Σ1) are uniformly bounded and the Riemannian metrics gt on Σ1 are
uniformly equivalent. Moreover∫ T
0
sup
Σ1
‖Ht‖2dt < c0
for some constant c0 > 0.
Proof. Let t < T ′. Note that λiλ j < 1− δ for any i and j, and λi = 0 for i >
min(m,n). For the second fundamental form, we have
||B||2 ≥ ∑
i,k, j
(hm+ jik )
2 = ∑
i< j,k
[(hm+ jik )
2 +(hm+ijk )
2]+∑
i,k
(hm+iik )
2,
where we keep in mind that hm+ jik = 0 when m+ j > m+ n. Therefore we can
estimate the terms in the bracket of (4.3)
||B||2−∑
i,k
λ 2i (hm+iik )2−2 ∑
k,i< j
λiλ jhm+ jik hm+ijk
≥ δ ||B||2+(1−δ )
{
∑
i< j,k
[(hm+ jik )
2 +(hm+ijk )
2]+∑
i,k
(hm+iik )
2
}
−(1−δ )∑
i,k
(hm+iik )
2−2(1−δ ) ∑
k,i< j
|hm+ jik ||hm+ijk |
≥ δ ||B||2. (5.5)
On the other hand, since Ricci1 ≥ 0 and K1(p)≥K2(q), (4.4) is nonpositive. Thus
by Proposition 4.3, ln(coshθ) satisfies the differential inequality for all t < T ′
d
dt ln(coshθ)≤ ∆ ln(coshθ)−δ ||B||
2 ≤ ∆ ln(coshθ).
According to the maximal principle for parabolic equations, we have for s > t
ηs ≤ ηt ≤ η0. (5.6)
Assume T ′ < T . Then FT ′ is defined, and from F∗t Ω1...m ≥ 1, for all t < T ′ we
obtain the same for t = T ′. Then FT ′ is a graph of a map fT ′ . From (5.6) we have
for all T ′ > t ≥ 0, λ 2i (t)< 1 and
1−λ 2i (t)≥∏
i
(1−λ 2i (t))≥
1
η2t
≥ 1
η20
,
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and so the same also holds for t = T ′, what proves that fT ′ defines a spacelike
graph FT ′ . Thus, we may take T ′ = T . Therefore, Ft(p) = (φt(p), ft(φt(p)))
with φt : Σ1 → Σ1 a covering map homotopic to the identity, and so of degree
one, and necessarily orientation preserving local diffeomorphism, what implies
φt is also 1-1. Now it follows that gt are all uniformly equivalent and dµt is
uniformly bounded in Σ1 × [0,T ). From proposition 4.1, dµt = e
∫ t
0 ‖Hs‖2dsdµ0,
and so supΣ1
∫ T
0 ‖Hs‖2ds < c0, for some constant c0 > 0. If we take ps ∈ Σ1 such
that ‖Hs‖(ps) =maxΣ1 ‖Hs‖, then we have
∫ T
0 ‖Hs‖2(ps)ds≤ supΣ1
∫ T
0 ‖Hs‖2ds<
c0.
We will need the following lemmas:
Lemma 5.1. [6] Let f be a function on M× [0,T1] satisfying
(
d
dt −∆) f ≤−a
2 f 2 +b2
for some constants a,b ∈R. Then we have f ≤ b
a
+ 1
a2t everywhere on M×(0,T1].
Lemma 5.2. [9] Let Σ1 be a compact Riemannian manifold and f ∈C1(Σ1× J)
where J is an open interval, then fmax(t) = maxΣ1 f (·, t) is Lipschitz continuous
and there holds a.e. d fmaxdt (t) =
d f
dt (xt , t), where xt ∈ Σ1 is a point which the maxi-
mum is attained.
The Riemannian metrics gˆ = g¯|TMt − g¯|T M⊥t on ¯M defined along the flow are
uniformly equivalent to g¯+. Therefore, if U is a vector field of ¯M defined along
the flow, and if U is normal or tangential to the flow, that is U =U⊥ or U =U⊤,
then U is uniformly g¯-bounded if and only if it is uniformly g¯+-bounded. Hence,
any vector field U with U⊤ and U⊥ uniformly g¯-bounded, is also uniformly g¯+-
bounded.
Proposition 5.3. ||B||, ‖H‖, ‖∇kB‖, and ‖∇kH‖, for all k, are uniformly bounded
as long as the solution exists. Furthermore ‖B‖g¯+ , ‖ ¯∇kB‖g¯+ and ‖ ¯∇kH‖g¯+ are
uniformly bounded as well.
Proof. In our case Σi are of bounded curvature tensors and their covariant deriva-
tive. By proposition 5.2, ei and eα given by (3.4) and (3.5) are uniformly bounded.
Thus, the terms in the expressions in Proposition 4.1 involving the curvature tensor
¯R are bounded. It follows from Proposition 4.1, for some constants c1,c2,c3 ≥ 0,
d
dt ||B||
2 ≤ ∆||B||2+ c1||B||+ c2||B||2− 2
n
||B||4 ≤ ∆||B||2− 1
n
||B||4+ c3, (5.7)
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where we have used some elementary geometric-arithmetic inequality
∑
α,β
(∑
i j
hαi jh
β
i j)
2 ≥∑
α
(∑
i j
(hαi j)2)2 ≥
1
n
( ∑
i, j,α
(hαi j)2)2 =
1
n
||B||4.
Then applying Lemma 5.1 to (5.7), ‖B‖ is uniformly bounded. Then we proceed
as in [5, 6, 10, 11, 12, 13, 18] to prove boundedness of ‖∇kB‖, using an inter-
polation formula for tensors. We note that all terms including the curvatures of
ambient space are of lower orders of the second fundamental form than the main
part. Since ∇kH = trace∇kB we obtain uniform boundedness for ∇kH for all
k ≥ 0. ∇kB is the k-order covariant derivative of B using the normal connection
∇⊥ of NM. Now we prove boundedness of ¯∇kB in T ¯M for the Riemannian struc-
ture g¯+ = g1 +g2. For k = 0, by the first equation of (5.3), uniform boundedness
of ‖B‖ and of λi implies uniform boundedness of ‖Hess f‖2. It follows now by
second equation of (5.3) we get uniform boundedness of ‖pi1(B)‖1 and of Γki j. In
particular ‖pi2(B)‖2 is also bounded, and this proves uniformly boundedness of
‖B‖g¯+ . For k = 1, we have ¯∇∂sB(∂i,∂ j) = ( ¯∇∂sB(∂i,∂ j))⊤+∇∂sB(∂i,∂ j) and so
gˆ( ¯∇∂sB(∂i,∂ j), ¯∇∂sB(∂i,∂ j)) = ∑
αβ lr
glrhαi jhαslh
β
i jh
β
sr +‖∇∂sB(∂i,∂ j)‖2
that is, ‖ ¯∇B‖2gˆ = ‖( ¯∇B)⊤‖2 + ‖∇B‖2 ≤ c22‖B‖4 + ‖∇B‖2, with c22 > 0 a con-
stant not depending on t. Thus, ¯∇B is uniformly gˆ-bounded and so g¯+ uniformly
bounded. Inductively we obtain the same for higher order derivatives.
Corollary 5.1. f ∗g2 and Γri j and their derivatives are uniformly bounded.
Proof. Uniform boundedness of ‖ ¯∇rB‖g+ implies by (5.2) and proposition 5.2,
inductively on r ≥ 0, uniform boundedness of ∇r∂sΓki j and of ‖∇rHess f‖. Since
∇∂s f ∗g2(∂i,∂ j) = g2(Hess f (∂s,∂i),d f (∂ j))+g2(d f (∂i),Hess f (∂s,∂ j))
we obtain the uniform boundedness of f ∗g2 and its derivatives.
6 Long-time existence and convergence
It is well known that if ‖B‖ is uniformly bounded then the mean curvature flow ex-
ists for all time. This is well known for hypersurfaces, as in the above references,
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and for the case of flat ambient space. For non flat space and higher codimension
in the Riemannian case see [3, 4, 18]). This holds as well in our setting. For the
sake of completeness we will apply Schauder theory for elliptic systems to prove
long-time existence and a condition for the convergence of the flow at infinity.
We are assuming (Σ1,g1) compact and (Σ2,g2) complete. In this section we
consider ¯M with the Riemannian metric g¯+ = g1 + g2 and we may embed iso-
metrically Σi into an Euclidean space RNi , and consider RN , N = N1 +N2 with
its Euclidean structure. Note that ¯M is a closed subset of RN , and so if K ⊂ RN
is a compact set for the Euclidean topology, then K ∩ ¯M is a compact set for
( ¯M, g¯+). Then we follow as in [14]. For each 0 ≤ σ < 1 and k < +∞ in-
teger, the spaces Ck+σ (Σ1, ¯M) are endowed with the usual Ck+σ -Ho¨lder norms
(well defined up to equivalence using coordinates charts). Ck+σ (Σ1, ¯M) is a Ba-
nach manifold with tangent space Ck+σ (Σ1,F−1T ¯M) at F ∈Ck+σ (Σ1, ¯M). These
spaces can be seen as closed subsets of Ck+σ (Σ1,RN). We consider Ft a solution
of (1.1) with initial condition F0 = Γ f0 . Then Ft satisfies the parabolic system
5.1. Set ai j = gi j(x), and bk = ∑i j gi jΓki j(x). From the computations in section
4, propositions 5.2 and 5.3, and corollary 5.1, we have that ai j, bi, ddxk ai j,
d
dxk bi j
(as well ddt ai j and ddt bi j as one can easily check) are uniformly bounded in Σ1,
and so ai j and bk are uniformly C1-bounded in Σ1. Note that if a vector field
V of ¯M along the flow, is C1(Σ1,F−1T ¯M) -uniformly bounded for g¯+, then it is
also in RN . The same conclusion for the higher order Ho¨lder norms. Note also
from proposition 5.2, ‖d ft‖2 is uniformly bounded, and so ‖∂F
a
t
∂xi ‖g¯+ is uniformly
bounded. From uniform boundedness of ‖B‖ and of Γki j established in corollary
5.1, and that ∂ 2Fa∂xi,∂x j = B(∂i,∂ j)
a +∑k Γki j(x)∂F
a
∂xk , we have uniform boundedness
of ‖∂Fat∂xi ‖Cσ (Σ1,RN). By elliptic Schauder theory (see [14] p. 79 ), we have that a
solution Ft of (5.1) satisfies for each t
‖F(·, t)‖C1+σ(Σ1, ¯M) ≤ c4 (‖ ¯G(·, t)‖L∞(Σ1,RN)+‖H‖L∞(Σ1,RN))
‖F(·, t)‖C2+σ(Σ1, ¯M) ≤ c5(‖ ¯G(·, t)‖Cσ(Σ1,RN)+‖H‖Cσ (Σ1,RN)),
Here ci, i= 0,1, . . . are positive constants not depending on t. Since ‖H‖Ck+σ (Σ1,RN)
is uniformly bounded, we have
Proposition 6.1. Let Ft be a solution of (1.1) for t ∈ [0,T ). If ‖F(·, t)‖L∞(Σ1, ¯M)
is uniformly bounded then ‖F(·, t)‖C2+σ(Σ1, ¯M) is uniformly bounded for t ∈ [0,T ).
Using the uniformly boundedness of ‖ ¯∇kB‖g¯+ we conclude uniformly bounded-
ness of ‖F(·, t)‖Ck+1+σ(Σ1, ¯M).
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Corollary 6.1. T =+∞ and there exists a sequence tn →+∞ such that supΣ1 ‖Htn‖→ 0, when n → +∞. Moreover, if supp∈Σ1 d2( ft(p), f0(p)) < c8 uniformly for
t ∈ [0,+∞), where c8 > 0 is a constant, then ftn → f∞ when n → +∞, where
f∞ : Σ1 → Σ2 is a smooth totally geodesic map defining a graphic spacelike totally
geodesic submanifold. Furthermore, if Ricci1(p) > 0 at some point p ∈ Σ1, then
f∞ is constant.
Proof. Note that Ft(p) is a curve in ¯M with derivative Ht . Let ¯d be the distance
function on ( ¯M, g¯+). We have a uniform bound ‖Ht‖g+ ≤ c9, for a constant c9 > 0,
and from (1.1), for t ≥ s
Ft(p) = Fs(p)+
∫ t
s
Hτ(p)dτ and ¯d(Ft(p),Fs(p))≤
∫ t
s
‖Hτ‖g+dτ. (6.1)
Assuming T <+∞ we have ‖Ft‖L∞(Σ1,RN) uniformly bound for t ∈ [0,T ). There-
fore, by proposition 6.1, ‖F(·, t)‖C2+σ(Σ1, ¯M) are uniformly bounded. We take a
sequence tN → T . By the Ascoli-Arzela theorem we may extract a subsequence
tn → T of tN, such that F(·, tn) converges uniformly to a map F(·,T ) in C2(Σ1, ¯M),
with tn → T . This also implies F(·, t) converges uniformly to F(·,T ) when t → T .
To see this we only have to note that for d(Ft ,FT ) = supp∈Σ1 ¯d(Ft(p),FT (p)) or d
defined from the 2-Ho¨lder norm, the following inequality holds:
d(Ft ,FT )≤ d(Ft ,Ftn)+d(Ftn,FT )≤ c10|t− tn|+d(Ftn,FT ), (6.2)
where c10 > 0 is a constant, and in the last inequality we used proposition 5.3.
We note that FT is smooth, by using, by induction, higher order Schauder theory
to sequential subsequences of Ftn , and finally a diagonal one. Following the same
reasoning as in the proof of proposition 5.2, FT is a spacelike graph of a map
fT ∈C∞(Σ1,Σ2), and consequently we can extend the solution Ft to [0,T + ε) for
some ε > 0, what is impossible. This proves T =+∞. It follows from proposition
5.2 that ∫ +∞
0
sup
Σ1
‖Ht‖2 ≤ c12,
for some constant c12 > 0. Consequently there exist tN →+∞ with supΣ1 ‖HtN‖2 →
0. Assuming ft lies in a compact set of Σ2 we are assuming ‖Ft‖L∞(Σ1, ¯M) ≤C uni-
formly for t ∈ [0,+∞), what implies, as above in this proof, for tn subsequence of
tN, Ftn converges to a map F∞ ∈ C∞(Σ1, ¯M) when n → +∞, with F∞ a spacelike
graph of a map f∞ ∈C∞(Σ1,Σ2). Now F∞ must satisfy supΣ1 ‖H∞‖2 = 0, that is
Γ f∞ is maximal. From the Bernstein results in [2, 15] we conclude Γ f∞ is a totally
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geodesic submanifold, or equivalently, f : (Σ1,g1)→ (Σ2,g2) is a totally geodesic
map, and if Ricci1 > 0 somewhere, then f∞ is a constant map.
So we have proved parts (1) and (2) of theorem 1.1.
7 The case Ricci1 > 0 everywhere
Next we assume Ricci1 > 0 everywhere, and prove the last part (3) of theorem 1.1,
giving a particular version of the proof of theorem 1.1, with no need of using the
Bernstein theorems obtained in [2, 15], but with a direct proof of convergence at
infinity of all flow to a graph of a constant map.
Lemma 7.1. If Ricci1 > 0 everywhere, then for η given in (5.4),
1 ≤ η2t ≤ 1+ c16e−2c15t , (7.1)
λ 2i (p, t)≤
c16e
−2c15t
(1+ c16e−2c15t)
∀i. (7.2)
for some constants c15,c16 > 0. Thus ηt → 1 when t →+∞.
Proof. The assumption on the sectional curvatures of Σ1 and Σ2 in Theorem 1.1
with the further assumption Ricci1 > 0 everywhere guarantees that for each i fixed,(
1
(1−λ 2i )
Ricci1(ai,ai)+∑
j 6=i
λ 2j
(1−λ 2i )(1−λ 2j )
[
K1(Pi j)−K2(P′i j)
])≥ c14
for some constant c14 > 0. Then we have by Proposition 4.3 and the proof of the
first part of Theorem 1.1 (see (5.5))
d
dt ln(coshθ)≤ ∆ ln(coshθ)− c15 ∑i λ
2
i ,
for a constant c15 > 0. Now recall that λi ≤ 1 and
1 ≥∏
i
(1−λ 2i ) = 1−∑
i
λ 2i +∑
i< j
λ 2i λ 2j − ∑
i< j<k
λ 2i λ 2j λ 2k + · · · .
By induction on m we see that
Am := ∏
1≤i≤m
(1−λ 2i )−1+ ∑
1≤i≤m
λ 2i = Am−1 +λ 2m(1− ∏
1≤i≤m−1
(1−λ 2i ))≥ 0.
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We therefore have, cosh−2 θ = ∏i(1− λ 2i ) ≥ 1−∑i λ 2i . It follows that for the
positive constant c15
d
dt ln(coshθ)≤ ∆ ln(coshθ)+ c15
(
1
cosh2 θ
−1
)
. (7.3)
If there exists a time t0 such that η = 1, then Mt0 is already a stable solution. So
without loss of generality, we may assume η 6= 1. In view of (7.3) and lemma 5.2
we have
dη
dt ≤ c15
(
1−η2
η
)
,
and so 1 ≤ η2 ≤ 1+ c16e−2c15t where c16 = supΣ1 cosh2 θ0−1. Consequently,
(1−λ 2i )≥∏
i
(1−λ 2i )≥
1
(1+ c16e−2c15t)
.
Proposition 7.1. If Ricci1 > 0 everywhere, then ft lies in a compact region of Σ1
and ft C∞-converges to a unique constant map when t →+∞.
Proof. Set ε(t)= c16e−2c15t and δ (t) = 1−ε(t). By (7.2), λ 2i ≤ ε(t). On the other
hand, from (5.5)
||B||2−∑
i,k
λ 2i (hm+iik )2−2 ∑
k,i< j
λiλ jhm+ jik hm+ijk ≥ δ (t)||B||2.
It follows from Proposition 4.3 that
d
dt coshθ ≤ ∆coshθ −δ (t)coshθ ||B||
2.
Set ¯η = coshθ . We have by (3.9) ||∇ ¯η||2 ≤ ε(t) ¯η2||B||2. Let p(t) be a positive
function not less than 1 of t, and φ = ¯η p||B||2. We have
d
dt
¯η p = ¯η p(dpdt ln
¯η + p 1
¯η
d
dt
¯η)
= ¯η p dpdt ln
¯η + p ¯η p−1 ddt
¯η
≤ ¯η p dpdt ln ¯η + p ¯η
p−1(∆ ¯η −δ ¯η ||B||2)
= ¯η p dpdt ln
¯η +∆ ¯η p− p(p−1) ¯η p−2|∇ ¯η|2− pδ ¯η p||B||2
≤ ¯η p dpdt ln ¯η +∆ ¯η
p− pδ ¯η p||B||2,
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and using (5.7)
d
dt φ ≤ ( ¯η
p dp
dt ln
¯η +∆ ¯η p− pδ ¯η p||B||2)||B||2
+ ¯η p(∆||B||2+ c1||B||+ c2||B||2− 2
n
||B||4)
= ∆φ −2 ¯η−p∇ ¯η p∇φ +2 ¯η−p|∇ ¯η p|2||B||2
+ ¯η p
[
c1||B||+(dpdt ln ¯η + c2)||B||
2− (pδ + 2
n
)||B||4
]
.
Now 2 ¯η−p‖∇ ¯η p‖2||B||2 ≤ 2p2ε ¯η p||B||4, and we have
d
dt φ ≤ ∆φ −2 ¯η
−p∇ ¯η p∇φ
+ ¯η p
[
c1||B||+(dpdt ln ¯η + c2)||B||
2+(2p2ε − pδ − 2
n
)||B||4
]
= ∆φ −2 ¯η−p∇ ¯η p∇φ + ¯η−p(2p2ε − pδ − 2
n
)φ 2
+c1 ¯η
p
2 φ 12 +(dpdt ln ¯η + c2)φ .
Setting ψ = e 12 c15tφ , then ψ satisfies the evolution inequality
d
dt ψ ≤ ∆ψ −2 ¯η
−p∇ ¯η p∇ψ + e− 12 c15t ¯η−p(2p2ε − pδ − 2
n
)ψ2
+c1e
1
4 c15t
¯η
p
2 ψ 12 +(dpdt ln
¯η + c2 +
1
2
c15)ψ.
Taking p2 = 1
nε , that is,
p(t) =
ec15t√
nc6
,
and using that ln(1+a)≤ a for all a≥ 0, we obtain ln ¯η ≤ c162 e−2c15t . It is easy to
check that
(1+ c16e−2c15t)
p
4 = (1+ c16e−2c15t)
e
c15t
4√nc16 → 1, as t → ∞,
what implies 1 ≥ ¯η−p ≥ c13, for some constant c13 > 0. Therefore
d
dt ψ ≤ ∆ψ −2 ¯η
−p∇ ¯η p∇ψ − c13δ√
nc16
e
1
2 c15tψ2
+c1e
1
4 c15t(1+ c16e−2c15t)
p
4 ψ 12 +(c15
√
c16
2
√
n
e−c15t + c2 +
1
2
c15)ψ.
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and by choosing T0 large enough such that for t ≥ T0 one has δ (t)≥ 12 and
d
dt ψ ≤ ∆ψ −2 ¯η
−p∇ ¯η p∇ψ − c17
{
e
1
2 c15tψ2− e 14 c15tψ 12 −ψ
}
, (7.4)
for a constant c17 > 0.
Claim: When t ≥ T0, ||B||2 ≤ c19e−τt for some positive constants c19 and τ .
We prove the claim. For any t0 ∈ [T0,+∞), we consider for each t ∈ [T0, t0] a
point xt such that ψ(xt , t) attains its maximum ψmax(t). Since ψmax is a locally
Lipschitz function on [T0, t0], we may take t1 ∈ [T0, t0] a point where this maximum
is achieved. If t1 = T0, we have done. Thus we may assume t1 > T0. At (x1, t1),
∆ψ ≤ 0, ∇ψ = 0 and ddt ψ ≥ 0. Thus from (7.4) at (xt1, t1),
e
1
2 c15tψ2− e 14 c15tψ 12 −ψ ≤ 0.
Let ψ¯(xt1, t1) =
√
ψ(xt1 , t1). Then, e
1
2 c15t1ψ¯3−ψ¯ ≤ e 14 c15t1 , what implies at (xt1 , t1)
ψ¯3 ≤ e 14 c15t1ψ¯3 ≤ 1+ e− 14 c15t1ψ¯ ≤ 1+ ψ¯.
Thus, there is a constant c18 > 0 that does not depend on t0, such that ψ¯(xt1, t1)≤
c18. Therefore,
max
Mt0
ψ = ψ(xt0 , t0)≤ ψ(xt1 , t1)≤ c218.
Then for a constant c19 not depending on t0 and t, maxMt0 ||B||2 ≤ c19e−
1
2 c15t0.
Since t0 is arbitrary, we prove the claim.
By the claim, we have the estimate of ||H||
||H||2 ≤ c19
m
e−τt . (7.5)
By (7.5) and (6.1), we have ¯d(Ft(p),F0(p)) ≤ c20 for a positive constant c20.
Therefore Ft(p) lies in a compact region of ¯M. From the proof of corollary 6.1,
Ftn converges uniformly to a limit map F∞ for a sequence tn → ∞. Moreover F∞ is
a spacelike graph of a map f∞. By (7.2) f∞ = constant. Now we prove the limit
is unique. Following the proof of corollary 6.1, in (6.2) we have in this case
d(Ft ,F∞)≤
∣∣∣∣
∫ tn
t
‖H‖maxds
∣∣∣∣+d(Ftn,F∞)≤ c19τm |e−τt − e−τtn |+d(Ftn,F∞)
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and the right hand side converges to zero. This implies Ft to converge to F∞ in
C∞(Σ1, ¯M). To see this, note that if there exists tN → +∞ such that d(FtN ,F∞) ≥
c30, c30 a positive constant, where d is the distance function relative to the C1-
Ho¨lder norm, then, extracting a subsequence tn of tN with Ftn converging in C1(Σ1, ¯M)
this sequence must converge to F∞, leading to a contradiction. By induction we
prove Ft converges to F∞ in Ck, for each k ≥ 0.
Proof of theorem 1.2. We consider the pseudo-Riemannian product space ¯M =
Σ1 × Σ2 equipped with the pseudo-Riemannian metric g1 − g′2, g′2 = ρ−1g2 for
a constant ρ > 0. The spacelike condition for f means f ∗g2 < ρg1. The cur-
vature tensor R′ of g′2 satisfies R′2(X ′,Y ′,X ′,Y ′) = ρR2(X ,Y,X ,Y), where X ′ =√ρX and Y ′ = √ρY . If K1 > 0, then K1 ≥ K′2 is satisfied if we assume ρ ≤
minΣ1 K1/supΣ2 K
+
2 . If K2 ≤ 0 we may take ρ =+∞. If Ricci1 > 0 and K2 ≤−c <
0, we may take any ρ ≥maxΣ1 K−1 /c, where K− = max{−K,0}, and in particular
ρ =+∞. Then we are in the conditions of theorem 1.1(3).
Proof of corollary 1.2. Under the assumptions, ∑i λ 2i + 1 ≤ Πi(1+ λ 2i ) < 2.
In particular, Γ f is a spacelike graph for the corresponding pseudo-Riemannian
structure of Σ1×Σ2.
Proof of corollary 1.3. We assume f minimizes the φ -energy functional. Let ft
given by theorem 1.2. From (7.2) of lemma 7.1 and the assumptions on φ , we
have Eφ ( f )≤ liminfEφ ( ft) = Eφ ( f∞) = 0, when t → +∞. Thus, Eφ ( f ) = 0, and
so f is constant.
Remark. We note that when Eφ is the usual energy functional of f corollary 1.3
can be obtained using a simple Weitzenbo¨ck formula. Since f is harmonic
∆‖d f‖2 = ‖∇d f‖2 +∑
i 6= j
λ 2i
(
K1(Pi j)−λ 2j K2(P′i j)
)
that under the curvature conditions of theorem 1.2, K1 ≥ K2 with K1 ≥ 0, or
Ricci1 ≥ 0 and K2 ≤ 0, we have ∆‖d f‖2 ≥ 0, what implies ‖d f‖, and so by the
above equation f is totally geodesic, and if Ricci1 > 0 at some point, then λi = 0,
that is f is constant. So, the corollary is mainly interesting for φ not the square
of the norm. But this argument also shows that the curvature condition Ricci1 ≥ 0
with K2 < 0 is the expected one, since in this case, it is well known [7], that any
map f : Σ1 → Σ2 is homotopic to an harmonic map, and so, under the condition
Ricci1 > 0, necessarily to a constant one.
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